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We study the evaporation of black holes in non-commutative space-times. We do this by cal-
culating the correction to the detector’s response function for a moving mirror in terms of the
noncommutativity parameter Θ and then extracting the number density as modified by this param-
eter. We find that allowing space and time to be non-commutative increases the decay rate of a
black hole.
PACS numbers: 04.50.+h, 04.70.-s, 97.60.Lf
I. INTRODUCTION
Non-commutativity is an intrinsic feature of
quantum theories. It is manifested in quantum
mechanics in the phase-space commutation rela-
tions
[pi, xj ] = i ~ δij , (1)
and in quantum field theory in the commuta-
tion relations of creation and annihilation oper-
ators. The idea that space-time coordinates do
not commute arises in string theory [1, 2] and
in the present search for quantum gravity [3],
while Yang-Mills theories on non-commutative
spaces [4] appear in string theory and M-theory.
Non-commutative geometry is an old pro-
posal [5] based on the concept that there might
exist a fundamental length in the fabric of space-
time. For a parameter to be considered a funda-
mental length, it should respect Lorentz invari-
ance. In order to preserve Lorentz invariance,
one needs to include the time coordinate among
the non-commutative variables, but this is not
a trivial change. In fact, theories in which the
time coordinate is non-commutative seem to be
acausal. An example of such a theory is given in
Ref. [2], where the authors study the effects of
space-time non-commutativity on the scattering
of wave packets in the context of field theory. In
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the same paper they show that in the formal-
ism of string theory, stringy effects cancel the
acausal effects that appear in field theories. Fur-
ther, even if in the relativistic regime unitarity
is violated, this does not preclude the existence
of a unitary low energy regime.
Other motivations for non-commutativity
come from D-brane scenarios [1, 2]. Space non-
commutativity appears when D-branes occur in
hyper-magnetic fields. Time non-commutativity
is generated similarly by nonzero hyper-electric
fields.
Non-commutative space-time is defined in
terms of space-time coordinates xµ (µ =
1, 2, . . . , D) which satisfy the following commu-
tation relations:
[xµ, xν ] = −iΘµν . (2)
Θ must be an antisymmetric Lorentz tensor [6].
As such, it can be transformed into a block-
diagonal form:
Θˆµν = diag
(
Θˆ1, Θˆ2, . . . , ΘˆD/2
)
, (3)
where
Θˆi = Θi
(
0 1
−1 0
)
. (4)
Since a coordinate reversal changes the sign of a
Θ, we can without loss of generality require that
all Θi be positive.
In order to have full non-commutativity, one
needs to work in a space-time that has an even
2number of dimensions. Then the D = 2 d coor-
dinates can be represented by d two-vectors:
xˆµ =
(
xˆ1, xˆ2, . . . , xˆ2d−1, xˆ2d
)
=
(
~ˆx1, ~ˆx2, . . . , ~ˆxd
)
, (5)
with ~ˆxi ≡ (yˆ1i, yˆ2i) being two-vectors in the i-th
non-commutative plane that satisfy
[yˆ1i, yˆ2i] = iΘi . (6)
In a coherent state approach a set of commut-
ing ladder operators is constructed from non-
commutative space-time coordinates only [7].
We define the ladder operators for the i-th plane
in the following way,
aˆi =
1√
2
(yˆ1i + i yˆ2i) , aˆ
†
i =
1√
2
(yˆ1i − i yˆ2i) . (7)
These operators will then satisfy the canonical
commutation rules
[
aˆi, aˆ
†
j
]
= δij Θi . (8)
Normalized (〈α | α 〉 = 1) coherent states can
now be defined for these operators as
| α 〉 =
∏
i
exp
[
1
Θi
(
αi aˆi − αi aˆ†i
)]
| 0 〉 , (9)
where | 0 〉 is a vacuum state, annihilated by all
aˆi.
Commutative coordinates are associated with
the non-commuting ones as their mean val-
ues over coherent states. In this way, a non-
commutative plane wave can be calculated using
Hausdorff decomposition, resulting in the follow-
ing form
〈α | exp
[
i
d∑
i=1
(
~p · ~ˆx
)
i
]
| α 〉 = exp
{
−
d∑
i=1
[
1
4
Θi(p
2
1i + p
2
2i) + i (~p · ~x)i
]}
, (10)
where p1i and p2i are the momenta canoni-
cally conjugate to the space-time coordinates.
Eq. (10) then shows that a plane wave in the
non-commutative case will have damping factors
proportional to Θi and that we recover the usual
form in the limit Θi → 0.
Using this non-commutative form in the plane
wave expansion of a scalar field, we next study
the creation of particles by a single reflecting
boundary (a moving mirror). The mode solu-
tions for a receding mirror are the same as the
late-time asymptotic modes for a ball of mat-
ter undergoing gravitational collapse to form a
black hole. The Bogoliubov transformations for
the two systems are almost identical [8]. The
close connection between the mathematical de-
scriptions of these two systems implies that we
can use the number density distribution obtained
from the detector response function for the mov-
ing mirror to calculate the rate of decay of a
black hole [9].
II. MOVING MIRROR IN TWO-DIMENSIONAL
SPACE-TIME
We start with a brief introduction to the mov-
ing mirror for the commutative case in two di-
mensions as treated in [8]. We denote two-
dimensional coordinates by ~x [that is, ~x = (t, x)
or (u, v) defined below], so that the mirror is
represented by a point that will move along a
trajectory
x = z(t) ,


|z˙(t)| < 1
z(t) = 0 , t < 0
(11)
In terms of light-cone coordinates u = t − x
and v = t + x, a massless scalar field φ, which
3satisfies the field equation
✷φ =
∂2φ
∂u ∂v
= 0 (12)
and the reflection boundary condition
φ (t, z(t)) = 0 , (13)
has the set of mode solutions
uink =
i√
4 π ω
[
e−i ω v − ei ω (2 τu−u)] , (14)
where ω = |k| and τu, the coordinate of the re-
flection point of the ray, for the trajectory (11),
is the solution of
τu − z (τu) = u . (15)
The scalar field (operator) φˆ to the right of
the mirror can then be written in terms of the
modes (14) as the usual superposition
φˆ =
∑
k>0
[
aˆk u
in
k + aˆ
†
k (u
in
k )
∗
]
. (16)
For t < 0, we assume the mirror is at rest
(τu = 0) and the scalar field is in the vaccum
state | 0, in 〉. The Wightman function,
D+(~x; ~x′)≡〈 in, 0 |φˆ(~x) φˆ(~x′)| 0, in 〉
=
∑
k
uink (u, v)
[
uink (u
′, v′)
]∗
, (17)
in this region becomes [8]
D+< =
−1
4 π
ln
[
(u− u′ − iǫ)(v − v′ − iǫ)
(v − u′ − iǫ)(u− v′ − iǫ)
]
, (18)
which exhibits the usual iǫ prescription.
As the mirror moves for t > 0, it will mimic
a time-dependent background geometry, such as
that produced by a gravitational source. If we
define p(u) = 2 τu − u, the Wightman function
in the vacuum and for a general trajectory can
be written as
D+>=
−1
4π
ln
[
(p(u)− p(u′)− iǫ)(v − v′ − iǫ)
(v − p(u′)− iǫ)(p(u)− v′ − iǫ)
]
.
(19)
From this non-trivial result, one in general ex-
pects a non-zero detector response function for
late times (formally, for detector proper time
τ →∞),
F (ω)=
∫∫ ∞
−∞
dτ dτ ′ e−i ω (τ−τ
′)D+(τ, x(τ); τ ′, x(τ ′))
≃
∫∫ ∞
−∞
dτ dτ ′ e−i ω (τ−τ
′)D+>(τ, x(τ); τ
′, x(τ ′)),
(20)
where x = x(τ) is the trajectory of the detector,
which we assume is adiabatically turned on, and
later off, in the asymptotic future.
A case of special interest is a mirror trajectory
with the asymptotic form
z(t) ∼ −t− Ae−2κt +B , for t→∞ , (21)
with A, B, and κ positive constants. For this
type of mirror trajectory, null rays with v < B
reflect from the mirror, rays with v > B pass
undisturbed, and the ray v = B is somewhat like
a horizon. A similar situation occurs when a star
collapses to a black hole. The function D+> can
be written as a sum of four terms. If we choose
the trajectory (21) and the detector is switched
off at early times, the only non-zero contribution
will be from the term involving p(u)−p(u′), and
p(u) ∼ B −Ae−κ (u+B) for u→∞ . (22)
For a detector that moves at constant velocity,
x = x0 + w t , (23)
the response function per unit of proper time τ
is then given by
dF (ω)
dτ
=
1
ω (eω/kB T − 1) , (24)
where the temperature T is defined as
kB T =
κ
2 π
√
1− w
1 + w
≡ κα
2 π
, (25)
and kB is the Boltzmann constant. We also in-
troduce here the Doppler-shift factor α.
It is important to note that the final result (24)
does not depend on the details of the mirror and
detector trajectories, represented by the param-
eters A, B and x0. The detector’s velocity just
4enters as a kinematical (Doppler shift) factor
and the interesting physics is entirely contained
in the mirror’s acceleration parameter κ. We
shall see that non-commutativity changes this
scenario.
III. MOVING MIRROR IN
TWO-DIMENSIONAL NON-COMMUTATIVE
SPACE-TIME
Since we are working in a two-dimensional
space-time, there is only one non-commutative
plane and we will simply denote the (positive)
non-commutativity parameter by Θ,[
x0, x1
]
= −iΘ . (26)
A set of modes analogous to those in Eq. (14)
will have the form [15]
uinNC =
i e−
1
2
Θω2
√
4 π ω
[
e−i k v − e−i k (2 τu−u)] , (27)
again with ω = |k|.
As usual, we take the mirror to be at rest for
negative times. It starts moving at t = 0, and
the scalar field is in the state | 0, in 〉, void of
particles, for negative times.
A. The propagator
The Wightman function for t < 0 can be ob-
tain by replacing the commutative modes with
the non-commutative ones (27) in the sum (17)
and will therefore be given by
D+NC<=
1
4 π
∞∑
l=1
1
l
e−
4pi
2
l
2
L2
Θ
[
e
2 i pi l
L
(v′−v) + e
2 i pi l
L
(u′−u) − e 2 i pi lL (v′−u) − e 2 i pi lL (u′−v)
]
, (28)
where we have used box normalization as a reg-
ulator, L being the size of the box (the contin-
uum limit L → ∞ will be taken later in the
computation) and k = 2 π l/L is the discretized
momentum.
If we now expand the Gaussian term for small
Θ as exp (−4 π2 l2Θ/L2) = 1 − 4 π2 l2Θ/L2 +
O(Θ2/L4), the non-commutative Wightman
function can be easily calculated to first order
in Θ/L2,
D+NC< ≃ D+< −
Θ
4 π
[
1
(u− u′ − iǫ)2 +
1
(v − v′ − iǫ)2 −
1
(u− v′ − iǫ)2 −
1
(v − u′ − iǫ)2
]
, (29)
for t < 0, in which the first term is the commutative propagator, Eq. (18), and the remaining terms
are the contribution due to non-commutativity. Analogously, for t > 0, we obtain
D+NC> ≃ D+> −
Θ
4 π
[
1
(p(u)− p(u′)− iǫ)2 +
1
(v − v′ − iǫ)2 −
1
(p(u)− v′ − iǫ)2 −
1
(v − p(u′)− iǫ)2
]
.
(30)
Note that the regulator L does not appear in the
non-commutative part and the limit L→∞ can
thus be taken without difficulty.
5B. Detector response
We want to evaluate the effect of non-
commutativity on the detector response function
for the case that we discussed above.
For negative times, it can be easily verified by
substituting Eq. (29) into Eq. (20) that an iner-
tial detector which is switched off for t → −∞,
and which is moving along a trajectory of the
form (23), will not record any particles.
For t > 0, we again consider the class of detec-
tor trajectories in Eq. (23), and estimate the con-
tribution to the Wightman function from non-
commutativity,
∆F (ω) ≡ FNC(ω)− F (ω)≃− Θ
4 π
∫∫ ∞
−∞
dτ dτ ′ e−i ω (τ−τ
′)
[
1
(p(u)− p(u′)− iǫ)2
+
1
(v′ − v − iǫ)2 −
1
(v′ − p(u)− iǫ)2 +
1
(v − p(u′)− iǫ)2
]
, (31)
in which F (ω) is the commutative part from
Eq. (20).
Three of the above terms from the non-
commutative part will again give zero contribu-
tions, and one finds
∆F (ω) ≃ − Θ
4 π
∫∫ ∞
−∞
e−i ω (τ−τ
′) dτ dτ ′
(p(u)− p(u′)− iǫ)2 = −
Θ e2κB
4 π A2 eκ x0
∫∫ ∞
−∞
e−i ω (τ−τ
′) dτ dτ ′
(e−κα τ ′ − e−κα τ − iǫ)2 . (32)
where α is the Doppler shift factor, Eq. (25).
It is now convenient to introduce the variables
∆τ = τ − τ ′ and ξ = (τ + τ ′)/2, so that the
non-commutative contribution to the detector’s
response per unit time ξ can be written as
d∆F (ω)
dξ
≃−e
2κ (B+α ξ)Θ
16 πA2 eκx0
×
∫ ∞
−∞
d(∆τ) e−i ω∆τ
sinh2
(
1
2
κα∆τ − iǫ)
=−e
2κ (B+α ξ)Θ
4 π A2 eκ x0
×
∞∑
k=−∞
∫ ∞
−∞
d(∆τ) e−i ω∆τ(
∆τ + i 2pi
κα
k − iǫ)2 ,(33)
in which we use the identity
csc2(π x) =
1
π2
∞∑
n=−∞
(x− n)−2 (34)
to single out the poles in the complex ∆τ plane.
By performing the contour integration and sum-
ming over k, one finally obtains
d∆F (ω)
dξ
≃ e
2 κ (B+α ξ)Θ
2A2 eκ x0 κ2 α2
ω
e
2pi ω
κα − 1 . (35)
We can now add the contribution for the com-
mutative part and obtain the response per unit
time to first order in Θ,
dFNC(ω)
dξ
≃
(
1 +
e4pi kB T (B/α+ξ) ω2Θ
8 π2A2 e2pi kB T x0/α k2B T
2
)
× 1
ω (eω/kB T − 1) , (36)
where we have again used Eq. (25). Note that
the result now depends on the details of the mir-
ror and detector trajectoies.
6IV. BLACK HOLE DECAY RATE
The number of detected particles per mode
and per unit time is related to the detector’s re-
sponse function per unit time in Eq. (36) by
N(ω) = ω
dFNC(ω)
dt
. (37)
If we employ the analogy with the Hawking ef-
fect, the temperature is related to the black hole
mass M by the well known expression [9]
kB T = (8 πM)
−1 , (38)
(with G = c = 1), and the rate at which the
mass M decreases is then given by
dM
dt
≃ − 1
2 π
∫ ∞
0
(
1 +
8M2 ω2 e(B/α+t)/2M Θ
A2 ex0/4αM
)
Γ(ω)ω dω
(e8piM ω − 1) , (39)
where Γ is the grey-body factor and the integra-
tion is over all available frequencies (formally, up
to infinity [16].)
For the purpose of comparing with standard
results, we will just consider the simplest situa-
tion in which the decay takes place through emis-
sion of spin zero massless particles for which [11]
Γ =
A
π
ω2 , (40)
where A = 16 πM2 is the area of the black hole
horizon. After we perform the integration over
the whole range of energies, the decay rate of the
black hole will be
dM
dt
≃ − 1
7680 πM2
(
1 + Θ˜ e
t
2M
)
, (41)
where we absorb in Θ˜ the dependence on the
parameters A, B and x0 which determine the
mirror’s trajectory.
Note that, contrary to the commutative case,
the behavior now depends significantly on these
parameters. For example, x0 should be the de-
tector’s position for the simple case w = 0 (it ap-
pears that one does not learn anything more for
w 6= 0) and one would naturally set x0 ≫ 2M ,
since the detector in the black hole case should
stay sufficiently away from the horizon. This will
of course damp the non-commutative correction
exponentially. Analogously, one may guess that
t
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FIG. 1: Time evolution of the black hole mass in the commu-
tative case (solid line) compared with the non-commutative
case (dotted line). (Normalizations are arbitrary.)
B ∼ 2M (∼ 1/T ), since that is the asymptotic
position of the mirror (the horizon), and it would
then follow that κB is just a number which can
be simply eliminated by rescaling Θ (to the same
value for all black hole evolutions). However, A
represents a transient in the mirror’s trajectory
which could be different for different time evolu-
tions, thus allowing to distinguish between dif-
ferent black hole evolutions, and that it enters
the final result is a novelty (the standard result
does not appear to depend on any transients to
7leading order in perturbative field theory on the
black hole background).
We now calculate the mass of the black hole
as a function of time by integrating numerically
the previous equation. For the purpose of dis-
playing a result, we arbitrarily set Θ˜ = 0.1,[17]
and plot the time dependence of the black hole
mass in Fig. 1. The graph shows that the black
hole life-time is decreased if space-time is non-
commutative. Of course, this result bears the
same limitations as the original Hawking’s for-
mula, that is, it is unreliable for small black hole
mass for which microcanonical corrections be-
come relevant [10].
V. DISCUSSION
The form for the mathematical expression for
the decay rate of a black hole seems to depend
strongly upon the assumptions made. In most
cases when a deviation from the approach used
by Hawking is made, e.g. assuming the existence
of large extra dimensions, microcanonical ver-
sus the canonical ensemble [10], or using the
Randall-Sundrum brane-world scenario [12], the
decay rate of a black hole is reduced compared
to that of the Hawking result.
The same conclusion seems to follow from
regular black hole solutions [13], recently
(re)discovered in the context of gravity with a
minimal length [14] which is naturally related to
non-commutativity in space-time. The increased
decay rate for the case of non-commutative
space-time which we found therefore appears to
be somewhat unusual. It is possible that the
analogy between the black hole and the “kine-
matical” model of the moving mirror cannot be
simply carried on to the non-commutative case,
or that what we found “adds” to the sort of ef-
fects obtained in the different approaches men-
tioned above.
Barring the above argument, our result may
have interesting cosmological implications for
phenomena involving primordial black holes. We
do not have a numerical estimate of the decrease
in life-time of an evaporating black hole, but the
effect will be small since the parameter of non-
commutativity Θ is small in some sense. Nev-
ertheless, primordial black holes evaporating in
non-commutative space-time would have to be
created at an early stage in the evolution of the
universe with an even larger mass than the 1015
grams required in the commutative case in order
to have survived to the present epoch.
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